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РКЕЕАСЕ 


Tue first project of the Early Number Teaching Panel 
under the convenership of Mr Jas. Younie was to investi- 
gate the child’s knowledge of number on entering school. 
Its report on this topic was published in 1942 under the 
title of The Early Development of Number Concepts. ‘The 
step that naturally followed was to assess the child’s 
knowledge of number on his transition from the Infant 
Division to the Primary Division of the school with a 
view to formulating a course of study in arithmetic. 
By following up the, pupils tested into the’ Primary 
School it was also sought to learn whether the efficiency 
attained by the constant training on the number com-, 
binations in the Infant Division was maintained in thes: , 
Primary School. The information obtained- to: decide 
these issues is presented in this report. 

The form in which the tables now appear in this mono- 
graph, the technique whereby the rélative difficulty 
of the number combinations can be expressed and the 
difficulty of the carrying and borrowiüig operations 
assessed, the Panel owes to Mr Mowatt. ‘The errors made 
in the tests are being studied by another member of the 
Panel. 

'The Panel desires to express its appreciation of the 
willingness of the staffs of the schools approached to 
apply the tests. 

j W. L. McKINLAY 
Convener of Panel on 
Early Number Teaching 
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INTRODUCTION 


Атм оғ INVESTIGATION 


Tue Early Number Teaching-Panel of the Committee on 
Primary School Subjects investigated the number know- 
ledge of children entering school; the results of this 
study are published in The Early Development of Number 
Concepts. The Panel then decided to inquire into the 
knowledge of number which the pupil normally acquires 
during his school life in the Infant Division. Its aims 
were to secure evidence on which a satisfactory syllabus 
in arithmetic for the Infant Division could be based; to 
determine the degree of mastery attained by pupils at 
the point of transfer from the Infant Division to the 
Primary Division of the Scottish school system; to 
examine the contention that the later work in arithmetic 
is handicapped by inadequate command by the pupils 
in the Primary Division of the fundamental facts and 
processes; and by repeating the tests on the same pupils 
at six-monthly intervals to ascertain if there is any 165 
owing го discontinuance of practice. 


Score or INVESTIGATION 


The Panel has sought in the first place precise informa- 
tion regarding the pupils’ mastery of the Addition and 
Subtraction Facts and of the various steps in the Addition 
and Subtraction Processes. As it is extremely difficult to 
frame examples of the Processes which comprise all the 
Facts, the Panel decided to have the Facts tested separately 
from the Processes. 
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` SUBJECTS 


As it was impossible to secure а thoroughly repre- 
sentative sample of pupils as in the Scottish individual 
intelligence survey, it was decided to test selected 
schools in different counties which might serve as a 
cross-section of Scottish schools, namely the Cities of 
Edinburgh and Glasgow, and the Counties of Aberdeen- 
Shire, Ayrshire, Bute, Clackmannan, Fife and Selkirk. 


` Instead of testing an age-group, it was decided that for ` 


the'purpose the Panel had in view all the pupils in the last 
six months of the Infant Division should take the tests, 
and that these pupils should be followed up so far as 
possible and retested from time to time. ; 

As it was essential that each pupil should perform every 
operation, no time limit could be imposed. Nevertheless, 
although the Panel’s investigation was planned primarily 
to measure accuracy, the opportunity was taken to secure 
measures of rate of work by instructing the teachers to 
record on pupils’ work-sheets the time taken by each 
pupil for the hundred combinations in intervals of one 
minute. This information, it was thought, might be of 
value in discerning the relationship between accuracy of 
answers and promptness, and by taking ‘soundings’ at 
different stages of the pupils’ careers in ascertaining 
whether rate and accuracy increased pari passu or whether 
one improves at the expense of the other, 

. Scripts were returned from 47 Schools in 8 areas in 
Scotland for Addition and Subtraction F. acts and Addition 
and Subtraction Processes, the children tested being all 
in the last six months of the Infant Division. Sets of 
Addition and Sübtraction completed papers were received 

1 Cf. A. M. Macmeeken, The Intelligence of a Representative Group of Scottish 


Children. Publication of The Scottish Council for Research in Ed cation 
No. XV. London: University of London Press, Ltd., 1939. ЕН 
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from 1,427 children, 714. boys ап 713 girls, of which 
1,315 were used, 665 boys and 650 girls. 'The total 
population of children in Scotland between 6} and 7 was 
41,000. "Тһе rejected. papers numbered 106; 48 boys 
and 58 girls had not completed more than 90 facts in. 
the Addition or Subtraction paper. Inspection of these 
papers showed that incompleteness was in many accidental 
and not necessarily due to low level of performance (some 
of those who were soonest finished and had most correct 
appeared to have jumped a line merely through speed 
or eagerness, others had performed the wrong process), 
but the time recorded for 98 out of the 212 papers 
(Addition and Subtraction) was over 30 minutes. The 
remaining 6 could not be included because of failure to 
use the regular test form, etc. 

'The distribution of children tested in June was as 
follows: 


Numbers given on nominal roll Numbers of papers used 


е Boys Girls. Тош Boys Girls Total 
Aberdeenshire. 50 34 84 47 32 79 
Ayrshire . 100 113 213 97 105 202 
Bute . и та: 16 30 14 16 30 
Clackmannan . 48 45 93 39 40 79 
Edinburgh . 99 11$ 214 9r 104 195 
Fife 5 . 165 170 335 149 144. 293 
Glasgow - 194 176 370 189 168 357 
Selkirk . . 44 488 39 41 80 

Totals. . 74 713 547 665 650 1,315 


The same pupils were retested in December 1945 and 
in June 1946, with the exception of those who had left 
school and those who were absent on the days of the later 
tests. 
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TYPE or INVESTIGATION 


InvesticaTIons into number combinations have been 
classified into ‘learning’ studies and ‘status’ studies, the 
latter being those in which measures of knowledge are 
secured at points in time distant, it may be a year or 
more, from the conclusion of instruction in the facts.! 
Тһе studies of the Panel on Early Number Теасһіпр 
are ‘status’ studies. Ап investigation into the types of 
errors is being undertaken by a member of the Panel. 
"Тһе order of difficulty of the combinations may vary 
in the two types of studies, ‘learning’ and ‘status’; а 
difficulty may occur at one place in the initial stages of 
learning and at quite a different place at later stages.” 
It must consequently not be assumed that the order 
disclosed by the Panel’s inquiry indicates the difficulty of 
learning the combinations; it merely reveals the success 
which the pupil has attained in writing correct answers 
to the combinations set in a formal fashion at the stage 
of his school progress when the test was applied. Тһе 
efficiency: displayed is naturally conditioned by. the 
teaching method adopted, the learning procedure fol- 
lowed by the pupil, the time devoted to arithmetic, etc. 


1 William A. Brownell and Doris V. Carper, Learning the Multiplication 
Combinations. Durham, N.C.: Duke University Press, 1943. Р. 26. 

27р: 32. 

з И and Carper have shown (р. 16) that children learn by processes 
quite unlike those by which they are taught. They may be taught the com- 
binations by repetition or drill methods but do not learn them through repetition; 
instead they inject into the process some meaningful relationship or scheme of 
organisation. 
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It also depends on the emphasis laid on each of the com- 
binations in teaching. "Thus inability to handle the zero 
facts may not be due to their inherent difficulty but to 
neglect of these during the early stage of instruction. 
As Brownell and Carper maintain for the multiplication 
facts: ‘there is no final order of difficulty, apart from the 
learner and all the conditions which govern his behaviour.’ 1 
In fact the value for instruction which the studies into 
the relative difficulty of the number combinations possess 
is mainly negative or diagnostic; they serve to locate 
deficiencies. They should be complemented by studies 
of the thought processes employed by pupils to discover 
the way in which the manipulations are actually per- 
formed. 

The criteria of mastery may either be accuracy, rate 
of performance, or type of thought process employed. 


In the Scottish investigation the measure of learning was 
accuracy. 


Procepure 


For testing purposes the Addition and the Subtraction 
Facts were arranged in strictly random fashion; тап- 
domisation was effected by following the table of random 
numbers in. Statistical Tables for Biological, Agricultural 
and Medical Research, by R. A. Fisher and Е. Yates, 
reproduced in the Appendix (Table 18) in Е. Е. Lind- 
quist’s Statistical Analysis in Educational Research, The 
selected combinations, a hundred in number, arranged 
themselves naturally into ten rows of ten each. To 
eliminate or compensate for the effects of adaptation or 


1 P. 36; for example the present investigation is restricted to written number 


facts. A pupil might give the correct answer orally to 9+7, but write the 
answer 61. 
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fatigue the rows were rotated 1 by printing line (а) first 
on one sheet, second on the next, and so on. By dis- 
tributing to pupils the sheets so rotated copying is also 
avoided, as pupils sitting next to one another begin at 
different points. As addition may Бе performed either 
upwards or downwards and as the combinations were 
arranged for upward addition, only schools teaching 
upward addition were used for testing purposes. "Гһе 
equation form was rejected for much the same reason as 
the adding upwards and downwards confusion, and the 
Panel’s unanimous decision is that this arrangement, 
doubtless introduced by publishers to save space, should 
be vetoed in Infant Division teaching. Аз some studies 
of the fundamental process in arithmetic are vitiated by 
pupils performing the wrong operation—multiplication 
or subtraction for addition—one type of operation only 
was allocated to one day and each example had prefixed 
to it its appropriate sign.? That the task might not 
appear too formidable five rows were printed on one side 
of the sheet and five on the other. 

1 For the value of the method of rotation see W. A. McCall, How to Experiment 


in Education. New York: The Macmillan Company, 1926. P. 33. 
? For typical sheets see Appendices I and II, pp. 30 and 41. 
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ADDITION Facts 


The results obtained in the Addition Facts are pre- 
sented in percentage form in Table I (а), (b) and (c). 

All the results are high, thus causing small variations 
in the percentages correct. Had they been otherwise 
arranged the results might well lead to the idea that 
they are random values, but an examination of Table I 
disproves this. ‘Table I makes clear the following points: 

1. The results for the facts which contain zero, i.e. of 

type o+ and х+о, are abnormal and hence must 
be considered separately. 

2. If the facts containing zero are excluded a definite 

relationship is revealed, With a few exceptions, 
as the first digit in the fact increases from 1 to 9 
the degree of difficulty increases, and as the 
second digit increases from 1 to 9 the degree of 
difficulty increases. This relationship is really 
remarkable when one considers the very small 
variations in the values, It is shown even more 
convincingly in Table II. 

3. The doubles, Те. facts with two equal digits, are 

printed in heavier type in "Table I. They are 


definitely less difficult than might have been 
expected statistically, 


4. A comparison of the results for the te 
Table I shows that for all the facts, 
containing zero, there і a marked improvement 


throughout, This is corroborative evidence of 
what seems to be obvious, namel 


sts given in 
except those 
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second digits makes it certain that they are not random 
values (see Table II). It seems certain, therefore, that 
at each stage in the school course each fact has its own 
distinct value. 

In the Infant Division the Addition Facts will each 
involve its own mental process, but the operation of such 
mental processes may be disturbed by other factors, 
e.g. fatigue, noise. These extraneous factors will give 
rise to random variations in the results. The actual 
percentage number correct in any fact will therefore be 
determined by 

(i) the inherent difficulty of the mental operation 

involved in the addition of the two numbers; 

(ii) the chance extraneous conditions and events at the 

time the actual mental process was in operation. 
Over the large group of pupils these random factors will 
nevertheless operate on all facts equally and will have the 
effect of decreasing the percentage number correct. 
Actually this decrease must be very small. The per- 
centage number correct in any fact is not an absolute but 
a relative measure of its difficulty. 

It would appear, but it remains to be proved by further 
follow-up tests, that a normal group of pupils will ulti- 
mately reach a stage where addition facts in themselves 
will present no difficulty and any errors in them will be 
due to chance only. If and when such a stage is reached, 
the results will be random results, and there will be no 
relationship between the facts and percentages correct. 
Thus, if the test in Addition Facts is given to a normal 
group of pupils at the Qualifying stage it is almost certain 
that there would only be chance variations in the results. 

The determination of this ultimate stage for a normal 
group would appear to be the logical conclusion to the 
present investigation, as it will be of vital importance in 
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the preparation of schemes of work in arithmetic for the 
Primary school. 


While the relationship between fact and percentages 


correct, referred to above, is very marked, there are a 
few discrepancies. 


Facts CONTAINING ZERO 
It has been pointed out that the facts containing zero 


require separate consideration. The following results will 
give some idea as to the position: 


Average result for June Dec. Difference 
Айта . Ж . 94-55 9528 +0:73 
Facts not containing zero 94-37 95-87 + 1:50 
х 
B facts . 2 5 9753 96.08 -145 


Та facts, " с 93:28 


These results show that 


90-72 -2:56 


(а) the 16 facts are definitely more difficult than the 


А 
do facts. 


(0) There is a marked deterioration in both , © and 
e 


к ark, 
+o facts from June to December. It will be 


remembered that in all other facts there is an 
improvement. This may be due to the pupils 


having started the multiplication facts between 


June and December, but the anomaly requires 


further investigation. The function of the digit 
о both in addition and in multiplication is unique 
and apparently gives rise to a type of difficulty 
not associated with the other digits. 
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Ranxinc ORDER 


А further conclusive proof that the Addition Facts are 
essentially separate entities, each developing as the group 
develops, is obtained by considering the ranking order 
of the facts as determined by their percentages correct 
(see Table III). There is available the ranking orders 
of decreasing difficulty as given by 

(1) June 1945 test. 
(1) December 1945 test. 
(іі) June 1946 test. 

Here again the facts containing zero have a disturbing 
effect, and in Table III the orders have been determined 
without including the facts of type х+о and о+х. 
Referring to this Table, it is found that for many of the 
facts the ranking orders are very close indeed. "The 
high values for the rank correlations between test and 
test are definitely significant, and prove conclusively that 
each of the facts, excluding those containing zero, has its 
own particular degree of difficulty. 

Another ranking is given in Murray's investigation.! 
Murray's pupils were, however, completing their second 
session of the Primary Division, that is, their average age 
was nine years.! They had also probably lost their famil- 
larity with number combinations presented in isolation. 


1 Studies in Arithmetic, Vol. I. Publication №. XIII, Scottish Council 
for Research in Education. London: University of London Press, 1939. 


Pp. 79-115. 
2 [bid., p. 82. 
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TABLE I 


Showing the percentage number who were successful in each of the 


ADDITION FACTS 


i ne I945, December 1945, June 1946 

es dine in the ы ара upaqa the first number of the 

equation form or the upper number of the combination; the digits along 

the top row the second number of the equation form or the lower number 

of the combination—thus 4 +3, i.e. 4 =96 per cent. correct in June 1945." 
%3 


June 1945 (а) 


сы ЭШ I а В т, ИНН 


9 985 96 937 921 936 942 от 93:7 927 958 
І 965 973 971 976 977 972 973 973 973 951 
2 980 971 980 966 958 96.0 060 95:6 963 956 
3 982 967 90 973 958 954 Ом дуо 94:7 930 
4 976 963 953 960 971 967 942 951 938 920 
5 975 957 958 949 953 974 940 928 90:3 ого 
6 976 957 942 бо 936 943 954 940 903 923 
7 977 963 958 944 936 914 912 954 gri 900 
8 982 963 94.6 940 923 922 gos 90:0 946 903 
9 965 953 946 920 914 898 ооо 882 890 934 

N Зора. 

Mean of all scores = 94:55 


Standard Deviation of Scores= 12.31 


* The interpretation of the equation form Presents difficulty. The subtraction 
pattern is taken as the model, Thus 4-3=4 Accordingly 4+3=4 
23 gs; 
Publication of The Scottish 
ondon: Uniyersity of London 


(Cf. J. Morrison, The Teaching of Arithmetic. 
Council for Research in Education, No. XXI. І, 
Press Ltd., 1944. P. 18.) 
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December 1945 (5) 


© ом буле з но 
~ 
л 
a 
хо 
ох 
~ 
хо 
ох 
` 
хо 
ро Ov 
хо 
о 
ч 
ч 
хо 
л 
з 
хо 
өз 
о 
o 
[3 
+ 
~ 
+ 
о 


М =1,113 
Mean of all scores = 95:28 
Standard Deviation of scores= 12.28 


June 1946 © 


2 опт 917 912 920 925 922 907 913 919 

> 81 981 985 983 © 983 979 981 97-8 
7- 87 990 978 977 989 974 972 973 972 
ons 984 978 982 977 975 975 974 970 968 
977 979 971 971 979 978 964 960 973 941 
. 9 977 973 963 949 966 

975 978 968 977 972 970 975 955 943 952 
979 974 974 979 956 954 953 981 947 935 
977 985 978 960 972 917 961 941 974 946 
97.6 983 969 954 959 951 945 927 93:0 974 


ХО омчолљевзно 
хо 
p: > 
е 
хо 
E 
~ 
хо 
со 
А 
© 
~ 
~ 
| о] 
су 
5 


Mean of all scores = 96-48 
Standard Deviation of scores = 


8.C.E К.Т., West Bengal 


Date...... өзөчө wee 4 


Я и 
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10 
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ponrur эле 50127; 
9761 əun[ pue $461 1991252 “5761 əun[ тор *uonrutquioo эці jo 
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II WTISV.L 


Е $16 | gz6 | 246 | 8:66 | 1-46 | 2:56 | 556 | #96 | 1-46 | * * поцешдшоо ət Jo 1oqurnu 1oddn 

10 
8 шоу попепЬо oq jo 1equinu 3819 (2) 
2 6 8 4 9 5 + £ z I эці st 3181р рзеотрш эЧз цопра ut uontutquroo 
ш 
Е S61 aun 
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а * чопешашо әт jo тодшпи ломој 


10 
шо} чопепбо эці jo зэдшпи puooos (4) 


> + поцешдшоо эц jo 1əqumu 1əddn 


10 
шоў uonenbo əy} jo Joquinu вир (v) 
Əu sr з18үр розвогрш əy} чогум ut попешдшод 
9461 гит 


= * попешдшоо oq jo Joquinu 12440] 
то 
woz uonenbo əy} jo Joquinu puooos (4) 
* * uonvulquioo эці jo зәдшпи soddn 
10 
шо} поцепЬо эці jo Joquinu звир (у) 


әца st їйїр розгогрш oq чогум ur зподешдшоо) 
S61 42quzo2q 
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TABLE III (2) 
Showing the ranking order in decreasing difficulty of the 
ў ADDITION FACTS 
according to June 1945, December 1945 and June 1946, also average of 
three tests 
АП facts containing zeros have been omitted 

"The digits in the left-hand column indicate the first number of the 
equation form or the upper number of the combination; the digits along 
the top row the second number of the equation form or the lower number 
of the combination—thus 4+3, 22. 4 June 1945, 58th; December 
1945, 36th; June 1946, 34th. +3 


Ш БЕРУН 25%756 47 48 о 


QI SEL в аў 36. 36 
Qi co ЕГО ВИЕ E 50 бо Q 69 


68 б 74 56 47 п 41 39 22 
3 72 58 73 43 47 37 43 . 38 26 
8o ULP. т eES Бон 47 32 26 
00 52772 du OS PES gj 24 


63 45 8 6 б за 
42 26 16 
4 71 бо 36 ТАЖ лт 25 20 
5 27 кат or е ES 
% 6 63 % 88 49 сі 46 34 


Correlations: 


June 1945 and December a =. 
December 1945 and June 1946 Е ар 
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*1 +Z 43 oth 45 +6 47 48 49 
52 5 о 44 78 3o 21 7 п 

бо 55 35. 45 б 9 16 6 а 
63 РО: ЛЕ, 207254424 МӨЛ кїї 5725 

75 78 58 62 87 48 40 28 38 

53 33 #28 Vos И 45. (727 но жо 
62 S 33 и 29: 427: grdo аз IO NLIS 

56 27 53 38 30 49 18 76.,1 
wae! acy MEM аб а оза Мате 136 
РИНЕ Y om Н 49 но ВСИ 
69 41 28, 1о 1450-10 , 55 т 4 
464» 49 Stem ар. 1703 015m 771 9%% 3 
82 64 50 42 33 23 73 25 22 
65 an 138m 29-2 208-4185 104. АНИ 
75 44: 258 1888 17 7 3 46 & 8 
76 бо 20 36 1 22 A dari 8 
88 бі 43 4. 49101,2 22. 50/7 26 
46 36 17 ,15 3 6 І 2 23 
49 32 22 12 21 5 2 II 39 
73 284: 109 12%1 12 7 т 2% 42 
72 ЗЕ. 277840072 Маа Ба РАА 
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TABLE III (7) 


Showing the ranking order in decreasing difficulty of the 


ADDITION FACTS 


according to June 1945, December 1945 and June 1946, also average of 


three tests 


АП facts containing zeros have been included 


Тһе digits in the left-hand column indicate the first number of the s 


equation form or the upper number of the combination; the digits along 
the top row the second number of the equation form or the lower number 


of the combination. 


+o TI +21 +3 4 Фу +6, + 7 +8 +9 

100 16 30 19 27 до 38 30 23 32 

о 1% І 2 7 8 5 9 3 3 6 

T4 АТМ R би он с от, 5 

100 I 8 ЗИ лае 1504 217 6 4° AY 

gx to 507 ог CT а 077%) 64 Сы 

82 22 SOP асн а, 

9 85 5 94 9 56 ош 7 85 73 

= и ss 87 95 85 o 6 

Буш fol 65 N77 (6375 e а 1285559 

XN UC A EM E 0 

а. OO 73: (66 8, 52 #45 49 45 

Ufo (Gn. erue ho 722778 Во Ира Сі 59 

шт grec ME Ср Идан FS ug се 25 

тем 
5 8 66 

9 9 73 9o 59 59 52 39 35 

Bi «ЫТТЫ ы Е Б 34 


ADDITION FACTS 27 
+o +I ^2 + 44 45 46 47 48 +9 
Ot, QE 55 67 800 78 20. AT. 52417 

59 50 78 тз 450 deren Ў 
65 а 81743. 02 782 #75 32 1207 749 та 
Во)” 1587 дЕн ЕЗ 180710170; © 7307 (pM 536724. 
о б б 49 53 89 34 2 7 n 
$9.- 467 · 67 47 08; 884.39 ~ 2 ‚151 94 
б 9 85 6 97 6 49 3 о 34 
40 68 Ж 40 50 80 38: 30 16 28 
а б Мод 34 277% 43 567 34 Жо wel 
41 80 72 4 39 37 66 22 18 24 
во 72 3% 6 45, 80 50 227 452 923 
67 “66h 47. 44, 3 97, 56 7207 152,26 
о 7101363. М С TALIS 59 2 5 
57 86 .53 97 28 234 лолу 9 13 
81 $2 52 39 28 25 24 85 18 12 
78 78 Бр 32423 922: 165. | 13. 777 
8 І 5 34 21 20 10 4 45 7 
2 a g 32 27 26 16 12 63 17 
6072 ОРЫ E 
82 87 52 33 31 25 21 9 50 14 
коз. жа проби) ан аум ИМА ЈЕ" 
7 67 43 31 20 30 14 11 20 53 
Gb өс Зла 2 22. 16 то II; 52 
бо 64 43 7 20 9 10 2 [ET 
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For the convenience of teachers an order of emphasis 
in the teaching of the Addition Facts is suggested in 
Table IV. 


TABLE IV 
Showing the 
ADDITION FACTS 
including zeros, in sum form in order of increasing difficulty, based on 
the average result of the three tests * 
о 2 І І T 1 1 І 3 3 
+0 +2 +4 +5 +3 +6 +8 +1 +I +3 


+I 44з 1524791 +5 +7 о +1 +o +3 


8 5 и 6 3 3 6 4 
+8 +3 +о +2 +6 +8 +3 2 E: +7 
7 4 5 6 4 6 3 8 8 
р С 956 ба, TSU +Z +9 43 E T 
E NU RM ОИ ль Ран: 
Ш RET Е о 254 50 qi. б ARG 
9 9 9 o 5 6 8 7 о о 
Ак тары” таны | Ow ЕСЕК Tg +9 +8 44 750 
Я 8 o 7 o 9 o o o 
Жб 47 42 40 47, 73% +8 43 47 +1 


* Read in rows from left to right, not in column form. 
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Summary or FINDINGS 


(1) The results are not random results. 

(2) While there is improvement at each successive 
testing, the relative difficulty of the facts remains constant. 

(3) Тһе Addition Facts containing zero show less con- 


sistency than the others. The n facts are definitely 


more difficult than the Да facts. Тһе learning of the 


multiplication. facts seems to be responsible for the 
deterioration in performance in these facts at the later 


tests. 
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зо 
APPENDIX I 
9 9 9 4-46 5 4 5 
+3 + + 42 44 + 47 +7 +9 
3 5 7 3 о 6 3 т 
тт оу ЕЛІ Ты, c4 ВИ — c “5 46 
6 9 8 7 4 о о 9 
+o +2 13 *4 TI +1 +0 +9 +7 
3 5 1 9 9 6 2 6 6 
+2 48 тп, +1 +9 +з +4 +45. 49 
7 6 8 9 4 2 о 3 о 
VO лы y Жо” “58% Во 427 48054 
3 5 8 6 8 4 7 5 
В ШЫ ЖЕ SEG +6 46 50041002 
7 Š I 7 2 7 2 2 
Po 550 +9 DEL 740 32 ИА +6 +3 
3 1 8 ї 2 4 6 
HN ЫЛА БІЗ 55 to, 4: а +Š 
2 5 8 5 4 5 о I 
О Pro tas E ава 46041 15 Е. 
1 атты 5 à та. ча 
8 
2, s 509 “аб " c LEE 


i 
^ 


ПОД ре, Ча Ее ГЕ Ар [LIES d S. МЕ. d 


- Жа. 
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SusrRAcTION Facts 


"The results of the Subtraction Facts are presented in 
percentage form in Table V. 

The results are not random results. 

There is an improvement from test to test. With the 
exception of the facts containing zero, the orders of the 
facts are relatively constant from test to test. 

As with the Addition Facts it will be observed that 
the facts containing zero are on the whole found to 
be more difficult at the later tests. This again may be 
due to the pupils having commenced the multiplication 
facts before the December 1945 test. 

On the whole, as the size of the digits increases, the 
facts become more difficult. At the first test the pupils 
may have had much more practice with the smaller digits, 
but even at the third test there is no evidence that practice 
has affected the order. It seems clear that опе element in 
the inherent difficulty of the fact is the size of the digits 
involved. It would be interesting to find out whether 
this persists right up to the adult stage. 

The facts of the type x — x are more difficult than might 
be expected. | 

Further evidence that each fact has a distinct degree 
of difficulty is given by the rank correlation between the 
results of the three tests. ‘These are: 


Between June 1945 and December 1945 . 7=0'9115 

Between December 1945 and June 1946 . r=0-9664 

Between June 1945 and June 1946 . . r—o8640 
It would therefore appear that not only has each fact 
its own inherent degree of difficulty, but that for each 
fact the degree of difficulty is becoming more definitive 
at the later tests. 
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Ranxinc ORDER 


From the results in Table V the order of decreasing 
difficulty for the Subtraction Facts at each of the three 
tests was determined. These orders are shown in Table 
VI, together with the order as given by the average 
results of the three tests. 

The fourth order, i.e. the one determined by the average 
results over the three tests, lias been included to facilitate 
comparison. Since when one fact is down-graded another 
fact must be up-graded, it is found that in the case of 
almost all the facts not containing zero there is a very 
gradual up-grading, e.g. 


June то one НИЖИМ шорех 
December 1945 . 2 2274 


June 1946. Е К - 79 
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TABLE V 
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Showing the percentage number who were successful in each of the 


June 1945 


SUBTRACTION FACTS 


нр ы шы эч 
ON Сл оз Ñ к Oxo MONI сл ро э но 


946 939 929 
94-8 938 940 
950 937 922 
91:7 975 917 
92-7 92.0 93:1 
90:3 91:7 913 
805 900 892 
85-7 824 816 
82.8 82-6 

804 


93:0 
92-5 
92:3 
91:3 
90:6 
Один 
84-8 
832 
81-2 
797 


Mean of all scores 


Standard Deviation of scores 
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December 1945 (0) 


ро Дери -3 -4 -5 -6 -7 


о 992 

г 931 933 

2 948 952 93:4 

3 939 972 968 929 

4 951 972 969 957 932 

5 945 971 964 957 966 932 

6 943 964 960 959 98 949 936 

7 954 964 953 949 939 945 954 932 


95:3 971. 958 ШІ 955 940 930 947 
ОШ 050 29772 04:25 93:5; 106010422 Он От 


то 934 893 goo 893 938 907 893 

II 972 860 85.3 873 887 846 

12 85.8 868 861 890 851 

13 81.7 842 826 85.0 

14 82.8 832 86.6 
215 Зоо 796 

16 795 

17 , 

18 

Mean of all scores =90:66: 


Standard Deviation of scores = 15-19 


June 1946 
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NO) 
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MOM OM HH H HH 
о оз сал Cà ы боваолљевно 


953 


977 
953 


94: 


967 952 
951 967 947 
94:2 947 958 


94-4 955 
921 895 


935 901 


882 (004 88.6 
89:3 .9r7 88.6 


86.5 88-8 


Mean of all scores 


=93:36 


Standard Deviation of scores — 12.56 


` 


Library 


Calcutta 


КА» 


@ ` 


a 
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| TABLE VI 
Showing the ranking order in decreasing difficulty of the various 
SUBTRACTION FACTS 


according to June 1945, December 1945, June 1946, and average of 
three tests 


тр са ЕЗ Е д во 
100 
тоо 
9 IOO 
100 
91 63 ЕТТЕН Р 
i| 4) | 53 
53 | 47 
70 | 53 
98 67 | 63 ДЕТІ БЕДБЕР Беті пала 
2 72 | 78 | 56 
бо | 67 | м А 
қ 93 | 70 | 49 
95 | 83 | 7 
97 | 93 
3 67 95 | 86 
Зо | 94 | 85 
96 | до | 86 бре |име реку, | тт 
4 77 | 97 | 9% 5o 
64 | 95 | 99 56 
87 | 99 | 96 57 
94 | 87 | 88 81 | 74 
68 | 95 | 89 92 | 50 
5 
50 | 98 | 88 82 | 58 
79 | 96 | ox 85 | 61 
93 | 83 | 74 6 
6 | 67 | 89 | вв 7 Я з 
79 | 93 | 86 75 | 79 | 45 4 
87 | 87 | 78 68 | 73 | 54 
Correlations : 


June 1945 and December 1945 


=.98 
December 1945 and June 1946 за 


7964 
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TABLE Vi—continued 
до | -1| –2 | -3| -4 | -5 | -6| -7 | -8 | -9 
97 | 85 | 51 | 63 | 51 | бе 67 | 72 
81 89 | 79 | 74 | бо | 68 | 81 | so 
7.| св | go | 78 | 53 | | бт | 8 | 58 
өт | 87 | 70 | 66 | 63 | 65 | 75 | 57 
8 | 67 | 67 | 55 | 75 | 49 | | 51 | 67 
8 A 81 | 86 | 64 | 84 | 62 | 48 | 71 | 65 
т | 82 | | 64 | 79 69 | 56 | 82 | so 
o4 | 75 | 74 | 61 | 77 | 57 | 46 | 68 | 63 
2 | бъ | 47 | 514 49 | 48 | 39 | 35 | 43 | 57 
76 99 | 65 | 56 | 62 | 53 | 44 | 43 | 70 | 46 
9 | а |97| 53| 7 | S| 7 | 44 | 50 | 7 | 42 
82 | 96 | 49 | 57 | 54 | 49 | 44 | 38 | 52 | 47 
57 | 44 | 46 | 41 | 6: | 40 | 37 | 38 | 45 
55 | 37 | 40 | 37 | 59 | 42 | 37 | # | 45 
19, 61 | до | 36 | 37 | 77 | 47 | 38 | 45 | 49 
54 | до |. 4/039 | 67 | 48 | 37 | # | 45 
і 34 | 24 | 21 | 34 | 33 | 25 | 29 | 31 
M 27 | 23 | 34 | 35 | 18 | 291,27 
E 34 | 19 | 16 | 28 | 35 | 21 | 23 | 29 
34 | 23 | 20 ||| 33 | 35 | 2r 28 | 30 
28 | 26 | 30 | 36 | 22 | 32 | 27 
26 | 32 | 29 36 | 22 | 24 | 24 
ша 31 | 29 | 20 | 38 | 23 | 32 | 25 
29 | 30 26 | 36 | 22 | 32 | 25 
15 | 20 | 10 | 23 | 19 | 15 
9) 17 | и 21 | 10 | 14 
13 12 9 | 13 | 27 | 14 | 11 
о | 18 | 13 | 23 | 15 | 14 
13 II 14 I8 17 
13 | 15 | 31 | 16 | 12 
14. то | 21 | 32 | 14 7 
о | 12 | 26 | 19 | п 
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TABLE Vi—continued 


x exe 2d ees КЕ Т; sl =$ | = 

2 7 8 5 

4 3 8 5 

15 4: | 37 8 т 
Рик BT 2 

| т2 І 

16 2 | 20 І 
5 | 25 2 

, 3 | 15 I 
4 6 

I 7 5 
4 3 5 
3 6 

9 

18 18 
18 

17 
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TABLE УП 


Showing the 
SUBTRACTION FACTS 


in sum form in order of increasing difficulty, based on the average result 
of the three tests * 


° 4 г Вр ы арыс 
-о -I -2 -I -I -о 42% ж. к p 
> a & € X Мы т 
-0 -0 -о = t zz -2 ep -3 та bs) 
+ 5 5 6 8 8 7 6 т P 
За о 2-5 скань b ine Ў 
5 «о quar AT Е 
-2 -4 =7 -3 as ёў E =5 ПА S 
8 10 6 8 9 I 9 9 
-7 -5 E- ж Hoe ME TE - Wes 
22 ; 8 10 9 10 10 то 
за -3 = Е. На 220 2740 бо (Spa sss 
T2 0 ит п II 12 I 
-5 =й - 2 СЕ o Er е2 
12 12 п 12 щот 13 аз E 
Марта 2 o 
16 18 14 13 13 14 
пре са ае 
15 16 17 15 I 
1 5 zb Е: ERU d e E ч 


ж Read in rows from left to right, not 1n column. 
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Summary or FINDINGS 


(1) The results are not random results, 2,2. the failures 
are not due to chance causes. 


(2) Each Subtraction Fact has its own degree of 
difficulty at a particular stage but the difficulty is less 
at later stages. 


(3) As the size of the digits increases, the facts become 
more difficult. У 

(4) The facts containing a Zero, Т.е. of the type х-о, 
are more difficult than those of the type x— 1, x— 2, etc. 
at the stage of the third test, The learning of the multi- 
plication and division facts seems to be responsible for 
this deterioration in performance, 

(5) Facts of the t 


ype 2 — х are more difficult than might 
have been expected 
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APPENDIX I ` 


10 і2 4 14 тї 8 10 12 її т 


4 
ҚОЗ к= LA са РЕ О MES 


16 6 10 12 12 14 16 4 9 
И ON КЕ АЕ re 
15 13 9 II 9 10 8 5 5 
-8 -6 -8 -1 - -2 -3 -6 -3 -0 


10 15 2 8 9 II I I 12 
-9 -6 =0 -о -4 -3 -6 -1 ШОР = 
-- --- C ae ee Т 
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CONSTRUCTION OF TESTS 


То enable teachers to construct analogous sets of tests to 
those employed in this investigation, it has been deemed 
advisable to indicate the plan followed in their preparation. 


ADDITION PROCESSES 


In the Addition Process zeros may be inserted in any 
of the rows, and in any of the columns except the first. 
One, two or more zeros may also be incorporated in any 
column according to the number of rows, and the diffi- 
culty of the zeros may be increased if two zeros in a column 
succeed each other. Broken lines may be introduced into 
any row of an addition sum of more than one column. 
With three columns the broken line may consist of the 
unit figure only or of both the unit and tens digits. 
Carrying may or may not occur in any addition sum of 
more than one column and of a reasonable number of 
rows. Bridging the tens and/or the twenties, thirties, 
etc. may be required in any column of which the sum 
is more than 10 or 20, etc. These variations may be 
combined in several ways, giving rise to a series of examples 
only limited by the number of rows or columns agreed 
upon. ` 

The Addition Facts are examples of the Addition Pro- 
cess with two rows and one column. A zero may occur 
in either the top or bottom row, thus giving rise to 2 
possibilities. A broken line cannot occur with an example 
of one column only—o possibilities. Carrying cannot 

43 
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occur with a one-column two-row addition —o possibilities. 
Bridging the ten may or may not occur, but bridging 
twenty is impossible—2 possibilities. 

The possibilities with three and four rows can in similar 
fashion be easily enumerated. 
` With two-column examples zeros can only occur in the 
units column, but rows of varying lengths can occur in 
the second column. Carrying may or may not take 
place. Bridging ten may or may not occur in either or 
both columns. 

This procedure may be followed for all the tests up 
to three columns and four rows Һе limits set in this 
investigation. і 

Without taking into account the possible combinations 


of zeros with broken lines and bridging, some hundreds 
of examples can be prepared. 


SUBTRACTION PRoczsszs 


Only two rows are Possible in subtraction, but any 
number of columns—tens, hundreds, thousands, etc. up 
to the limit imposed by the investigation, which in this 
case was hundreds. 

In the Subtraction Facts the top line may consist of 
units or tens (up to 18) but the bottom line only up to 
9. ‘The units digit of the top line may be a zero but the 
tens figure cannot be. In the bottom line a zero may 
occur. A broken line is inevitable when the top line 
exceeds 9, There is no borrowing, but dealing with tens 
may be necessary. There are at least 5 possibilities in 
the facts. 

With tens in the top line the units figure may be 
а zero, as also in the bottom line, А broken line may 


occur; borrowing may or may not be necessary. Dealing 
with tens may be involved. 
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With hundreds in the top line and in the bottom line, 
zeros may occur apart from broken rows in twelve different 
positions. The broken line may take the form of tens or 
units in the bottom line. Borrowing may not occur or 
may occur once or twice. Handling tens may also be 
required twice. The alternatives would be too numerous 


for any single test. 


SUBJECTS 
pupils was examined at each of the 
three tests. The number in the group was less at the 
later tests on account of removals, etc. At each date all 
the pupils in the group were examined in the Facts and 


in the Processes. i 
In reducing the data from the tests of Addition and 
taken of age, sex 


Subtraction Processes no account Was 
or time taken. 


The same group of 


‘ 
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Appition PROCESSES 


The results of the tests in the Addition Facts were 
presented in Table I, and for each combination the 
Percentage number correct has been determined. These 
percentages may be referred to as probability-values or 
p-values. Thus, in Table I (2) it is found that 

Percentage correct in the fact 4+5, 1-е. 4=96-7 
+5 
Hence 
Probability of success in the fact 4+5 = 967 


ог ; Pas 967 

This gives a more precise meaning to the result, and 
is essential in the analysis of the Addition and Sub- 
traction Processes into their component facts. 

As the p-values are not random values, as has already 
been shown, there must be inherent in the mental 
operation involved in each fact a property which deter- 
mines the degree of difficulty of the fact, and this in turn 
will be the main factor in fixing the p-value. If this is 
the case, are the p-values constant? For example, does 
a group of pupils find the fact 4+5 equally difficult in 


all situations? 
I 
4 4 4 4 
o 2 4 3 
2557 4 364600” Maca 
The fact 4+5, i.e. 4 occurs in all these processes. Will 
616 
pupils at a given stage find it equally difficult in the 
varying situations in which it occurs in these processes ? 
If each fact has its own distinct p-value, does this 
p-value alter with the mental growth of the group? If 
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so, has each fact a maximum p-value, and at what stage 
in the school course is this reached? 

Each Addition Process can be analysed into two or more 
Addition Facts, and may or may not include ‘carrying’ 
operations. Now the probability of the Addition Facts 
composed of digits up to 9 is known when these 
facts are presented as unit operations. Will the same 
probabilities hold when several of these Addition Facts 
are combined in an Addition Process?’ Consider the 
proces 9 

o 

al 

This involves two Addition Facts, namely 
(1) 0+6 with а p-value=-941 
о 9--6 with a озер, June 1945 values 
ТЕ these probabilities are inherent in the Addition Facts, · 
no matter in what situation they occur, then the prob- 
ability of success in the Addition Process will be the 
product of these probabilities. 

Hence probability of success in реон, х .goo 
Now the p-value for the process in June 1945 is -9or. 

actual p-value __-901 
theoretical p-value -846 
Thus, on the average, pupils would appear to be more 
successful in the Addition Facts when these are com- 
bined in the Addition Process. 

The above process does not involve a carrying figure, 


but here is one that does: 7 


= 1:064 


Непсе 


+85 
This process includes the following facts: 
(1) 6+ 5 witha p-value =:943 


(г) 4411 with a $-value (say) =-900 
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This last value is obtained by extrapolation from Table I. 
Next, there is a ‘carrying’ operation the probability of 
success in which is not known: 

(3) 8+1 with a p-value=-963 

(4) 7+9 with a p-value=-goo 
The probability of success in all four facts will be 

“943 Х -900 x -963 x -900=-735 

The p-value obtained for this process in the June test is 
“618. The difference in these two values is due to the 
*carrying? operation: 

p-value for the carrying operation = 775.840 
Has the carrying operation the same chance of success in all 
situations? ‘This can be tested by analysing other processes. 

Unfortunately, the number of Addition Processes in 
the test which, at present, can be analysed is limited, 
as the p-values for the Addition Facts which include 
numbers beyond © are not known. Facts of the type 
+10 and +11 are near enough the range of the known 
p-values to enable one to estimate their p-values by 
extrapolation. 

Here is the analysis of a process involving a carrying 
Operation: 346 

437 

+214 
(1) 7+ 4 with a p-value=.936 
(2) 6+11 with a p-value=-goo. 


Then the operation of carrying 1: 
(3) 1+ 1 with a р-уаше=-973 


(Q 3+ 2 4, 4 =-960 
(9452022, чобу 
(6) 4+ 2 > > E1053 
(7) Qam 6 > > Рода 
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'The probability of success in all these seven Addition 
Facts =.682. 

Тһе actual probability of success obtained from the 
results of the June 1945 Addition Process test =:581. 
Hence the probability of success in the carrying operation 

Boiler, 
2 

It is very remarkable that, with all the unit complexities 
involved, the p-value for the carrying operation should 
be so nearly the same in the above two processes. In 
these two processes the carrying figure is I, and it is 
carried from the first to the second column. Те would 
appear that at the particular stage of development 
represented by the group of pupils at the June 1945 test 
this residual p-value is about -84. 

Тһе $-values used in the above analyses are for June 
1945 tests only. Ín the analysis of the processes for 
the other tests the p-values for the Addition Facts 
given by the December 1945 and June 1946 tests are 
used in turn. The results of the analyses of nine pro- 
cesses are shown in Table ІХ. In each case the residual 
p-value is the ratio of the actual p-value to the calculated 


p-value. ' 
Examination of Table IX reveals the following points: 


(1) Processes with no carrying operations 
(a) For these six processes the residual p-values at 
each of the tests are, with one exception, 
greater than unity. Ç ^e 
(b) For these processes there is a definite increase 
in the residual p-value from test to test. 
This brings to light the very important fact that pupils 
find less difficulty with the Addition Facts when these are 
presented in combination in the Processes than when 
they are presented singly. The explanation may be that 
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at the school stages represented by the group at the time 
of the later tests the pupils are in process of discarding 
the early visual and/or auditory aids to addition and are 
proceeding to add in a purely mechanical way. In 
column addition they are now tending to do the unit 
operations mechanically, but in the simple addition of 
two numbers, as in an addition fact, force of habit makes 
them revert to the earlier visual and/or auditory methods. 


(2) Processes witb one carrying operation 


Тһе three processes which have been analysed give 
very definite residual p-values for each of the three tests, 
and these values increase steadily from test to test. 
These values show clearly that the incidence of a carrying 
operation in an addition process increases the difficulty 
of the process. 

These residual p-values do not by themselves indicate 
the effect of the carrying operation. They must be 
examined along with the residual p-values for the pro- 
cesses containing no carrying operation; thus, to obtain 
an absolute measure of the effect of the carrying operation, 
the residual p-values for the last three processes must be 
reduced in proportion as the effect of transition to 
mechanical addition increases. "Тһе fact that the residual 
p-values for the June 1946 test are unity cannot, therefore, 
beinterpreted as meaning that pupils at the time of thistest 
were 100 per cent. successful with the carrying operation. 


Note.—The number of processes which can be analysed 
is too small to justify any further analysis or the assign- 
ment of exact numerical values. 


The examples set, together with thé percentages of 
pupils correct in the June 1945, December 1945,and June 
1946 tests in the Addition Processes are presented in 
Table VIII. 
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TABLE VIII 
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Showing percentage of children correct in, wrong in, and not attempting 


various 


ADDITION PROCESSES 


at end of Infant Division in June 1945, in December 1945 and in June 


1946 
(No. —1,300 in June 1945; 1,114 in December 1945 
and 1,045 in June 1946) 
Percentage Percentage. Percentage 
correct wrong not attempted 
Process = 
June Dec. -June | June Dec. June | June Dec. June 
1945 1945 1946 | 1945 1945 1946 | 1945 1945 1946 

4+1+3 965 974 987] 34 26 ІЗ Е 
БОА 954 969 978| 45 31 22 . 
5+4+7 800 913 94-5 | 11-0 87 53 n 2 
9+o+6 gor 930 967| 98 79 31 “ляр? 
6+8+9 81.3 847 9rr|186 150 87 a ee 
2 +0+6+1 928 968 98:0 | 71 32 290 |.. . Е. 
4+2+7+3 883 отт 94-9 | 11-6 88 51 а 90 
6+8+4+0 859 917 942 |140 82 5.8 | .. aed 
5474948 721 778 852 | 27.6 216 147 | 1 6ч 
9+7 +048 754 793 88-3 243 201 117] -I 6 n 
19-55-17 490 бат 757 |467 370 ?42 |42 3 т 
74+6+85 61.8 766 82.9 | 33-7 231 170 | 43 3 € 
42+26+20+31 | 77:3 864 898 | 19:9 132 100 26 4 2 
28 +59+65 +37 | 436 607 711 | 513 483 28.6 | бо го 3 
3464437 +214 | 581 719 792 | 365 26.6 20:5 | 53 15 33 
516+239+214 | 58:6 724 805 35-6 267 191 | 5.6 9 4 
593 +90 +125 494 69.6 785 446 293 212 | 59 141 3 
816 +372 +611 70-6 82-5 87-9 | 25-2 161 11.7 |40 14 “4 
3 +71 +994 522 736 843 | 408 249 154 | 59 33 
14342904487 |504 681 791 | 432 302 203 |63 17 6 


Note.—As the pupils were expected to 


this Table should be read thus 4+1+3= 4 


I 
+3 


add upwards, the processes in 
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TABLE IX 


Showing the calculated probability of success in certain of the Processes, 


together with their Residual Probabilities 


Residual probability = 


Actual probability 
Calculated probability 


The actual probabilities can be calculated from Table VIII 


June 1945 December 1945 June 1946 
No. of | Сапу- 
Process 
шен Бие НЕ НС Residual 
lated p P lated p ? lated p $ 
4 
т а о 1948 1:018 "964 гото 1964 го23 
+3 
5 
о 2 о 892 1:069 "882 1:099 “891 1:097 
+4 
9 
2 2 ° 847 1:064 *843 1:103 871 го 
"D 
г QA mM 
2 
E 3 o *857 1082 858 1127 862 1136 
+1 
42 UPC EE 
26 6 о “739 1:046 :768 гі26 7715 1257 
+31 pE 
816 
372 6 о “727 972 “Вод. 1-025 “850 1.034 
+611 
74 
6 | 4 1 735 Зо | ог '955 | 831 998 
+85 
516 
239 7 I тое 837 | 79 968 | “792 | 1016 
+24 
346 
437 7 ї -682 "852 "747 "962 "790 1'003 
+214 


| 
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Summary or FINDINGS 


(1) At the December 1945 and June 1946 tests there 
is evidence of a transition stage in addition from being 
a mental process involving visual and/or auditory aids 
to being a purely mechanical operation. This transition 
to mechanical addition lessens the difficulty. 

(2) The carrying operation increases the difficulty of 
a process, but the degree of difficulty is less at later 
stages. 
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SUBTRACTION PROCESSES 


Table V presented the results of the Subtraction Facts 
for the three tests. These are given as percentages, but 
as with the Addition Processes these will be referred to 
as probability-values or p-values. Thus from Table V: 


Percentage number correct in the fact 8 — 3— 92-0 
Hence 


Probability of success in the fact 8-3— .920 


This means that if 1,000 pupils at the given stage try this 
fact, then we can expect 920 of them to be successful. 
This gives a more precise meaning to the result and, 
as will be seen later, is essential in the analysis of the 
processes. 
Each Subtraction Process сап be analysed into: 


(а) Two or more Subtraction Facts. The prob- 
ability of success in each fact at each of the 
three tests is known. 

(5) One or more borrowing operations, occurring in 
the first, the second, or in both first and 
second columns. 


b,— borrowing in the first column. 
b= borrowing in the second column. 


In addition, the following conditions may affect 
the chances of success: 


(с) A zero in the top line Z 

(d) A zero in the bottom line z 

(г) A missing digit, i.e. where the number of digits 
in the bottom line is less than the number in 


the top line M 


SUBTRACTION PROCESSES 55 


The symbols shown above are used to describe a process, 
thus: 
бо 
oot his _Ч=һм 


Now for each process the probability of success in 
all the. Subtraction Facts together can be calculated. 
This combined probability will not, however, agree with 
the actual probability of success in the process as given 
by actual results. "Тһе difference in calculated and 
observed probabilities will be due to the influence of the 
other factors mentioned above. The actual probability 
of success is equal to the product of the probabilities of 
the facts and factors involved; hence 


Actual probability of success Probability of success 
Probability of success in facts only іл factors only 


As in the Addition Processes this ratio is called the 
Residual Probability. 


Consider the process go=b, ZM 
-'8 


"This involves the facts: 
10-8 with a probability of -877 
9-і with a probability of -940 


_ At June 1945. 

‚ Probability of success in both =-877 x 940. 
=-824 

. Actual probability of success in the 

process as given by the results of 


the test M = 
Hence, residual probability =: 
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This means that the probability of success with a 
borrowing operation in the first column, a zero in the 
top line, and a missing digit is -434, quite apart from 
the probability of being successful in the facts. 

:434 15, in fact, the product of the probabilities for 
bi, Z and М. 

А similar analysis was made of each of the processes. 
The results are summarised in Table XI. 

Ап examination of the results in Table XI gives some 
indication as to how the chances of success in the processes 
were affected by the secondary factors of 


Borrowing in the first column 4 
Borrowing in the second column 2, 
Zero digit in the top line 2 
Zero digit in the bottom line = 

Missing digit M 


In Table XII the results given in Table XI are further 
summarised, &g. there are three processes of the type 
02, and in Table XII the average residual probability 
of these three processes is given. 

Finally, in Table XIII is shown the probability of 
success associated with each separate factor. 

Table XIII, it is suggested, contains some important 
information which has not hitherto been ascertained. 
When the simple arithmetical facts of addition and 
subtraction are combined into a process, then certain 
factors are introduced which may or may not have an 
effect оп success in the process. The actual effects which 
such factors have on success at the three tests are given, 
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Comments on Taste XIII 


(a) For all factors the values of the residaal probabilities 
are unsteady at the June 1945 test, but appear to have 
reached a definite steady value at the subsequent tests. 

(6) The values for M and z are high enough to justify 
the conclusion that a missing digit and a zero in the 
bottom line do not add to the difficulty of the processes. 

(с) А zero in the top line reduces the chance of success 
by 20%, i.e. with a group of 1,000 pupils who can do the 
facts in a process perfectly, if there is a zero in the top 
line only 800 will be successful. 

(d) A borrowing operation in the first column reduces 
the chance of success by 2095, and a borrowing operation 
in the second column also reduces the chance of success by 
20%. Itis interesting to note that borrowing operations 
in both the first and second columns have an exactly 
similar effect. ‘This would seem to imply that if a pupil 
is successful with a borrowing operation in the first 
column, he will also be successful with a borrowing 
operation in the second column of the same process. 

(г) Now that the probabilities of all the facts and 
factors which are involved in any subtraction process are 
known, it is possible to predict, with a fair degree of 
accuracy, the percentage number who will Бе successful 
in any given subtraction process when it із set to a group 
similar to the group used for the experiment. 

The examples set, together with the percentages of 
pupils correct in the June 1945, December 1945 and June 
1946 tests in the Subtraction Processes, are presented 
in Table X. \ 
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TABLE X 


ADDITION AND SUBTRACTION PROCESSES 


Showing percentage of children correct in, wrong in, and not attempting 


various 


SUBTRACTION PROCESSES 


at end of Infant Division in June 1945, in December 1945 and in June 1946 


and 1,044 in June 1946) 


(No. =1,306 in June 1945, 1,108 in December 1945 


Percentage Percentage Percentage 
correct wrong not attempted 
Process 
June Dec. June | June Dec. June June Dec. June 
1945 1945 1946 [1945 1945 1946 [1945 1945 1946 
98-43 | 861 gor 93-7 |136 97 6 4 559 ..’ 
аа асе ра Г Зе аба Sur еды, 
68-4 -| 784 821 875 21.3 177 124 3 318 0509 
‚64-37 | 338 684 706 [395 31-5 253 |266  .o9 9 
50-27 |,315 559 662 (до 441 337 |275 .. 09 
43-6 336 595 704 |381 402 295 |284 418 09 
9-8 358 555 675 |374 444 321 |267 09 429 
528-415 | 81-0 891 91:8 |162 106 81 29 +18 .09 
954—130 | 84:3 907 931 |129 90 бу | 28 27 09 
927-304 | 80-9 $879 91-6 |160 11.8 82 341 (18 .09 
563-53 700 778 848 |247 21-8 150 | 52  .36 -09 
576-158 | 294 63-4 688 [393 358 307 |313 272 19 
648-155 | 257 560 656 |442 424 341 [301  .63 29 
340-134 | 257 51.2 61.6 |440 480 382 |303 272 19 
708-152 | 256 498 599 1442 405 398 |302 .63 -29 
393-58 | 246 520 631 |436 461 365 |319 oo 238 
625-85 | 280 559 663 |408 431 333 |312 99 29 
230-7 251 488 біо |426 бол 386 |3r3 119 .38 
900 – 70 279 522 638 |408 466 359 |313 126 229 
934-465 | 211 50.2 бол |464 486 394 |325 117 48 
920-146 | 19.8 450 555 |476 538 441 |325 117 48 
92-786 | 118 491 591 1443 492 40-3 |339 171 57 
716-79 | 223 476 599 |434 508 396 [343 153 38 
603-206 | 176 413 562 |486 571 434 |338 153 -38 
920-68 216 450 578 |444 532 418 |340 17 48 
701-299 | 211 492 бол |443 491 393 [345 171 57 
600-53 | 2:7 456 594 |441 525 398 | 34.2 1.89 .66 
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TABLE XI 
Showing the Residual Probabilities for each of the 
SUBTRACTION PROCESSES Е 
at each of the tests 
Residual Probabilities 
Process Туре Facts - 
June 1945 ес. 1945 | June 1946 
To 522 1:025 1-019 1-030 
47 779 Я 4 4 
me z 4d 973 1-017 1:006 
528 8-5 
-415 2-І 1-018 1-031 1-038 
5-4 
4- о 
954 z 5-3 -983 1-020 1-032 
— 304 9-і 
14-7 
64 b, I+3 467 “851 +860 
237) 6-4 
10-7 
20 52 1+2 400 -668 745 
дай 5-3 
16-8 
576 145 448 -818 
-158 h 7-6 + 
5-І 
10-4 
340 Hari б 772, 
Er Z дай 337 
3-І 
8-2 
708 С) 5 678 
205 bz eT 334 7 
7-2 : 


бо 
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TABLE XI—continued 


` 
Process 


'Type 


Facts 


Residual Probabilities 


June 1945 


648 
7155 


934 


biba 


8-5 
14-5 
I+I 
6-2 


14-5 
146 
13:27 
144 
95 


НИКА 


5,2, 


10-6 
1+4 
12-5 
I+I 
9-2 


зве 


"375 


312 


Бес. 1945 


773 


79 


-631 


June 1946 


+824 


«821 


719 


12-6 
1+8 
10-9 
1%7 
9-8 


181 


+655 


726 


-299 


6225 


13-6 
т+о 
10-І 
142 
6-3 


11-9 
1+9 

10-10 
ї+2 


са 


275 


321 


“боҙ 


“бот 


721 


772 


8-4 


6-о 


-869 


912 


до 


SUBTRACTION PROCESSES 
TABLE XI—continued 
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Residual Probabilities 
Process Туре Facts 
June 1945 | Dec. 1945 | June 1946 

15-6 

_ 5 | өм i 447 74 | 9 
-8 

182 аве NC: 434 627 733 
63- 2) 

3 ы м E -5 844 934 987 
-о 
13-8 

anie а | шо чш ұз» 
3-0 
6 5-8 

д 2 bM ТА d 397 -769 -8об 
б-т 

> о-о j 

e | қаға Фа | зво 635 TA 
9- I 
16-9 

6 1%7 Я 

Us bM 11-8 412 +781 -848 
= 79 1+0 
yh: I 
10-8 
146 

E77 1227 зн O41 730 
1-0 
9-І 
10-3 

б 15 вом | 1*2 -308 69 75 
6-1 
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ADDITION AND SUBTRACTION PROCESSES 


TABLE XII 


Showing average Residual Probabilities 


No. of 


Average Residual Probabilities 


TRES Processes |— 
June 1945 | Dec. 1945 | June 1946 

2 1-022 1-025 1:034. 
z 3 +980 1-031 1-026 
ы 2 457 834 839 
bZ 2 368 659 733 
by т +390 773 824 
(УА т :335 :590 -678 
bib, 1 375 790 „Ват 
0,2, 3 271 659 739 
АЯ I 275 -603 -721 
M 2 -856 :923 +963 
ым 2 -405 +750 812 
2м I 434 627 733 
bM I -397 769 -806 
bZ ZzM I -360 :635 724 
bbM І 412 +781 -848 
НИМ т 341 ба 730 
һЬ77М 1 :308 :619 731 
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TABLE XIII 
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' Showing the average Residual Probabilities for each of the factors in 


SUBTRACTION PROCESSES 


which affect success 


Residual Probabilities 


How 
Басо obtained | 
June 1945 | Dec.1945 | June 1946 
2 hz -805 -791 874 
ГА 
€ :859 763 823 
а 
DA 
hi % 723 +834. +900 
ҺҺ2М 
bM “828 «821 “861 
Averages [804] [802 | [864 | 
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ADDITION AND SUBTRACTION PROCESSES 
TABLE ХШ—сопитига 


Residual Probabilities 
Factor Ets 
А obtained 
June 1945 | Пес. 1945 | June 1946 
M ви 886 89 968 
1 
DM 1.180 -952 1-000 
512, 
м 
ШУ 1-020 :995 :978 
% 
b, M 
bibs 1-100 :987 1.033 
һҺ2М 
DX 1-260 973 988 
Averages 1.089 [:96: :988 
2 direct +959 1-006 993 
айе 4 ‘ 
EBs 1-015 915 :976 
Averages :987 -960 [984 
b direct 457 | 834 839 
b, direct -390 2773. 824 | 
8% direct :375 790 821 
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Summary or FINDINGS 


(т) The facts retain their inherent degrees of difficulty 
when combined in Subtraction Processes. 

(2) The incidence of borrowing operations in either the 
. first ог the-second column or in both columns reduces ` 
the chance of success in the process by 20%. 

(3) A zero in the top line also reduces the chance of 
success by 20%... 1 

(4) A zero in the bottom line does not affect the chance 
of success. 

(5) A missing digit, ie. when the number of digits in 
the bottom line is less than the number of digits in the 
top line, does not alter the chance of success. 

(6) Any Subtraction Process can be analysed into 
its component facts and incidental factors which affect 
success. As the probabilities of success for these facts 
and factors are now known the probability of success in 
the process can be estimated. It is thus possible to 
make up Subtraction Processes with any given degree of - 
difficulty, e.g. a process in which we can be fairly certain 
that 70 per cent. will pass. А complete test can, there- 
fore, be constructed containing processes with pre- 
arranged degrees of difficulty and which will give any 
stribution of marks. This will be invaluable 


required di 
in the construction of standardised attainment tests in 


arithmetic. 


RECOMMENDATIONS 


: GENERAL 


The Panel advises that the equation form of pre- 
senting the basic Arithmetic Facts and Processes should 
be abandoned in all teaching in, and рој for, the. . 
"Primary school. , 

The signs of the Processes sliould E inserted in all 
examples. 

Др Facrs 


ў i ° EO x 
As the facts T prove more difficult than the о 


facts, the s facts should have special consideration. 


To avoid confusion between the addition and the multi- 
plication facts, special care should be taken with the zero 
addition combinations when multiplication is introduced, 


SusTRACTION: Facts 


As facts of the x — x have been found to be more difficult 
than might have been expected statistically, special àtten- 
tion should Бе given to them. 


ADDITION AND SUBTRACTION Processes 


In preparing tests teachers should introduce only one | 
difficulty at a time, preferably in order of difficulty 
Thus the broken line alone might be introduced first, 
then a single ‘carry’ or ‘borrow’; thereafter, in sub- 
traction, a zero in the bottom row and lastly a zero in 
the upper row. 

The Subtraction Process involving carrying should not 
be attempted in the Infant Division. 
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